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Abstract 

We match the vacuum, stationary, cylindrically symmetric solution of 
Einstein's field equations with A, in a form recently given by Santos, as 
an exterior to an infinite cylinder of dust cut out of a Godel universe. 
There are three cases, depending on the radius of the cylinder. Closed 
timelike curves are present in the exteriors of some of the solutions. There 
is a considerable similarity between the spacetimes investigated here and 
those of van Stockum referring to an infinite cylinder of rotating dust 
matched to vacuum, with A = 0. 



1 Introduction 

van Stockum [1] solved the problem of a rigidly rotating infinitely long cylinder of 
dust, using Einstein's equations without cosmological constant. The metric for 
the interior is unique, depending on one parameter a; but the vacuum exterior 
has three cases, depending on the mass per unit length of the interior. The 
metric corresponding to the case of lowest mass can be diagonalised locally (but 
not globally), but this is not possible for the other two cases. (See [2] and 
references given therein.) 

In this paper we consider a similar problem using Einstein's equations 
with negative cosmological constant. For the interior containing rotating matter 
we use an infinite cylinder cut out of a Godel universe. The exterior metric has 
been given by various authors, notably Krasinski [4] (see [9] for more informa- 
tion). However, in this work we use it in the form recently obtained by Santos 
[3]; it satisfies 

R ik - \g ik R = Ag lfc , (i) 

It turns out that in this problem too the exterior has three cases, depending on 
the radius (and therefore mass per unit length) of the cylinder. 
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2 The metrics 



For the interior we use the Godel metric in the form 

ds 2 = dR 2 + dZ 2 + Ab 2 (sinh 2 p- sinh 4 p)d^ 2 -4(22 )fo s inh 2 pd^dT-dT 2 , (2) 
where 



R/2b, b = (-2A) 



-1/2 



Throughout the paper positive square roots are to be taken unless the contrary 
is indicated. The ranges of the coordinates are 

R < Ro, -oo < Z < +oo, < ip < 2ir, -oo < T < +oo, 

and tp = and tp — 2tt are to be identified. 

The exterior metric is that of [3] for A < in slightly different form: 

ds 2 = dr 2 + exp p dz 2 + Idcf 2 + 2k d(f> dt - fdt 2 , (3) 

p, I, k, f being functions of r only. We shall write 

D 2 = lf + k 2 , G = e"/ 2 D, (4) 

and suppose that D and G are positive. Then the complete solution can be 
written 



G = G\ cosh V3/2(r/6) + C 2 sinh x /3/2(r/6), (5) 

e 3 M /2 = e Gcxp((5e/7), (6) 

I = -Da- 1 sinh(a6/2/3), (7) 

fc = L>[cosh(a6/2/3) + (/3/a) sinh(a6/2/3)], (8) 

/ = J D[2/3cosh(ae/2/3) + a" 1 (a 2 +/3 2 )sinh(ae/2/3)], (9) 

e' = 7 /G, (10) 

where a, 0, 7, S, e, C\, C2 are constants, all real except a which can be real or 
imaginary; they must satisfy one relation 

a 2 7 2 //? 2 = 8b- 2 (C% - C\) - 45 2 /3; (11) 

a prime, as in (10), means dj dr. Another constant, not occurring in (11), arises 
in the integration of (10). One can easily check that (7), (8), (9) give real, finite 
expressions if a is imaginary or is allowed to tend to zero. 

The issue of the constants arising in this solution is discussed in another 
paper and here we shall simply show how they can be fixed by matching the 
solution to the Godel metric. The same matching procedure applies whether 
we take the Godel metric as interior or exterior. We choose the former because 
it yields a globally regular solution, whereas with a Godel exterior and Santos 
interior it seems that we must allow a singularity along the symmetry axis. 
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3 Matching the metrics 

We wish to match the metrics (2) and (3) across a hypersurfacc S which is 
R = i? m (2) and r — r in (3) (i? , r > 0). With respect to this hypersurface 
both the metrics are in Gaussian form, and we assume that on it the coordi- 
nates (Z,ip,T) and (z,(j),t) are the same and have the same ranges. Then the 
Lichnerowicz matching conditions will be satisfied if we equate on S the metric 
components and also their first derivatives. This means that /i, k, I, / and their 
derivatives need to take the corresponding values from the metric (2). For the 
time being we exclude the cases in which 



**•'$-?< (12) 

We shall consider the matching problem in the form 









1 (13) 








(14) 


k 2 


+ fl = 




b 2 sinh 2 2p (15) 


f'l- 


-l'f = 




-2&sinh2p (l - 2 sinh 2 p$6) 


f'k- 


k'f = 


G 2 e-^e'(a 2 - /3 2 )/2f3 


25 sinh 2/9 (17) 


k'l- 


-l'k = 


G 2 e-^e'/2p 


-4(25 )h 2 sum 2,90 sinh 4 p^l8) 




k/l = 


-acoth(aB/20) -0 


-[256(1 -sinh 2 po)] _1 (19) 




f/l = 


-2a/3coth(a6/2/?) - (a 2 + 2 ) 


[46 2 (sinh 2 po - sinh 4 p )]"(20) 






f 


1 (21) 



where po ■= Ro/2b. The quantities in the right-hand column are obtained from 
(2), and give the values which must be assumed by the quantities in the left-hand 
column. It is not hard to show that this set of equalities solves the matching 
problem as stated in the previous paragraph. Eqn (21) is necessary because 
(15)-(20) do not determine the sign of the set [k, I, f, k', I', /'], so the sign of one 
member of the set must be prescribed. In this form, which has been chosen for 
ease of calculation, there is a redundancy: nine equations for eight conditions 
arising from the continuity of fj,, k, I, f and their derivatives. 

By a shift of the origin of r (which amounts to a redefinition of C\ , C*2 
in (5)) we can arrange that the radial coordinate is continuous on S, so r = i?o- 
From the continuity of D and its derivative, and n and its derivative, we deduce 
the continuity of G and its derivative. On S we have 

G = 6sinh2p , G' = cosh2 / 9 , (22) 

so, using (5) we find 

C\ cosh V&po + Ci sinh V&po = b sinh 2p , 

3 



Ci sinh V6po + C2 cosh VEpo = cosn 



whence 



Ci = o[sinh 2po cosh \/6po — y , cosh 2po sinh VfSpo] , (23) 

V «j 

C2 = cosh2p cosh\/6/5o — sinh2/9 sinh\/6po]- (24) 

We can now write down an expression for G in terms of r, ro and 6. 
From (5), (23) and (24) we find, after a short calculation 

/ 3 7* — 7*0 / 2 / 3 7* — 7*Q 

G = 6[sinh 2,00 cosh W g — £ ^ V g cosh 2p sinh W - — - — ], (25) 

which shows that G is positive for r > r as required by (4). 

We now proceed with matching (13)-(20), excluding for the time being 
the two cases (12). The arbitrary constant e can be chosen to satisfy (13), but 
the continuity of p! in (14) requires 

G' + S = 0, (26) 

where the suffix means the value on S. Using (22) we find 

(5 = -cosh2p - (27) 

(15) is satisfied in virtue of (13) and (22). (16)-(18) lead to 

(6')o = -(ocoshposinhpo) - ^! - 2sinh 2 p ), (28) 
(3 = (4V26sinh 4 p ) _1 (l- 2sinh 2 p ), (29) 
a 2 = (32o 2 sinh 8 po) _1 i" 2 , (30) 

where Y 2 = 1 — 4sinh 2 p ~ 4sinh 4 p - The case in which a is zero will be 
considered in Section 4. If a ^ (19) now gives 

a<3 1 - 3 sinh 2 /3 - 2 sinh 4 po , 01 x 
acoth — — = = -. n , (31) 

2/3 4V2osinh 4 p (l-sinh 2 p ) 

and from (29), (30) and (31) we find that (20) is satisfied. 
To verify (21) we first calculate from (31) 

oT x sinh -^r- = 26rytanh p (l — sinh 2 p Q ), (32) 



4 



where rj = ±1. Using (9) we now write / in the form 

/ = Da- 1 sinh ||[2a/3coth || + a 2 + /? 2 ], (33) 

so that, on the boundary we have after a calculation using (15), (28), (29), (31) 
and (32) 

fa = -V- (34) 
Therefore to satisfy (21) we must take 

r? = -l. (35) 

Because of (32) and (34) 9 must satisfy 

sinh = — 26a tanh p (l — sinh 2 p ), (36) 

where from (30) 

a = ±(4V2fesinh 4 / 9o) _1 (l - 4sinh 2 p - 4 sinh 4 p ) 1/2 , (37) 

both signs on the right being allowed. 

Finally we must check that the constants as determined above satisfy 
(11). First from (10), (22) and (28) we get 

7 = -2(1 - 2sinh 2 p ), (38) 

and inserting this, together with the other constants into (11) we find it satisfied. 

We have matched Santos's metric (3) at r = i? as an exterior to the 
Godel metric except for the special cases in which sinh 2 p is equal to 1 or 1/2. 
It will now be convenient to consider separately the three cases determined by 
the sign of a 2 . 



4 The various cases 

We now explore the various cases that can arise, paying special attention to 
the occurrence of closed timelike curves (CTC). We make use of a theorem of 
Carter [6,7] (cf. Tiplcr [8]). It states that in any spacetime with an Abelian iso- 
metry group which is everywhere transitive on timclike surfaces, any point can 
be connected to any other point by both a future and a past timelike curve (and 
hence a CTC) if and only if there is no Lie algebra covector whose corresponding 
differential form is everywhere well-behaved and timelike (Carter refers to this 
form as spacelike or null, but has in mind the nature of its orthogonal hyper- 
surface: we shall not discuss the null case). For the metric (3), the Lie algebra 
covectors are real-valued linear maps, with constant coefficients, on the space 
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of vectors of the form v t dt + v^d^ + v z d z , so we have to examine the nature of 
a one-form w = Adt + Bdcf) + Cdz, with constant A, B and C. Such a one-form 
has g ah w a w b = (-IA 2 + 2kAB + fB 2 )/D 2 + C' 2 cxp (-/z), and wc want to find 
out whether or not w can be timelike everywhere, i.e. satisfy g ab w a Wb < for 
all r. Since the contribution from C is always positive, we need consider only 
the case C = 0. If I > for all r, w = dt is clearly timelike, so there exist no 
CTC. On the other hand, if I < for some r, the circles on which r, z and t are 
constant are clearly CTC. The outcome is that in our spacetimes, excluding the 
possibility that I > but I = for some r, there are CTC if and only if I < 
for some r. 



4.1 The case a 2 > 

The condition for this is Y 2 > 0, i.e. 

sinh 2 po < ^(\/2- 1) « 0.207, (39) 

and if it is fulfilled sinh ^ is real and the functions in the solution are hyperbolic 
with real argument. 

We consider the exterior in this case to see whether it contains closed 
time-like curves, i.e. whether I < in r > r . Because I is continuous on S we 
know that it is positive on r = r ; we shall show that it remains positive for 
r > r . We first note from (10), (25) and (38) that 6' < for r > r . From this 
it follows that 

d . i . , aO . 9' , q8 , 
— {a sinh — — ) = — cosh — — , (40) 
dr 2(3 ' 2(3 2(3 ' v ; 

is negative for r > r , because from (29) (3 > 0. Hence a^ 1 sinh(^) diminishes 
from the negative value it has when p = po, given by (36). Thus from (7) I > 
in r > ro, and CTC do not exist. 

There are no CTC in the Godel interior either because in (2) I > for 
R < Rq in this case. 



4.2 The case a = 

In this case 

sinh 2 p = \{^2- 1) ~ 0.207. (41) 

This value of po is critical in that it defines the only radius at which the Godel 
model admits circular null geodesies. The functions /, k, I of (3) are given by 

I = -DQ/2/3, 
k = D(2 + Q)/2, 
J = D(4(3 + (3Q)/2. 

(3 is still given by (29) which yields, when (41) is used, 

(3 = b~ 1 (l + V2). 
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It is easy to show that the value of on £ is negative, namely 

O = -2(3- v^), 

and also that 

7 = -2(2-V2), 

so from (10) 0' < for r > r . Now an argument similar to that used in the 
case a 2 > shows that I > in r > ro so there are no CTC in the exterior. 
There are no CTC in the interior either. 

4.3 The case a 2 = -a 2 < 

The hyperbolic functions in (7), (8) and (9) become trigonometric: 



I = -£>a _1 sin(ae/2^), (42) 

k = D[cos(a0/2/3) + (/3/a)sin(a0/2/3)], (43) 

/ = L>[2/3cos(a0/2/?) + a~ 1 (/3 2 - a 2 ) sin(a0/2/3)], (44) 

where a is real, and the constants have to satisfy 

8&- 2 (C 2 2 - C\) = 45 2 /3 - a 2 7 2 //? 2 . (45) 



To investigate the occurrence of CTC when a 2 < we must first in- 
tegrate (10), G being given by (25). This leads to considerable mathematical 
complexity, so we shall restrict ourselves to four special cases. 

4.3.1 The sub-case tanh2p = v /2 / 7 3 <-> sinh 2 p = ±(\/3 - 1) w 0.366. 

For this value of p we have sinh 2 p = |(\/3 — 1), F = ±i, and from (29), (37) 

and (38) 

a = ±i(2V2b)- 1 {2 + y/S), f) = {2V2b)-\ 7 = -2(2 - V3). (46) 

(25) gives 

G = V26cx P y|^, (47) 

and (10) yields 

= |(2v/3 - 3) cxp [-yf ^] + C, (48) 
where C is a constant of integration. On r = ro we have 

= o = ^(2V3-3) + C, (49) 

and at r = 00 

0co = C. (50) 
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Our aim is to find whether I, given by (42), which is positive on r = ro, be- 
comes negative as ranges between these two values: if so, this will denote the 
existence of CTC. 

We now insert the above values of sinh po, Y, a, (3 into (36) and find after 
a short calculation 

s in[(l + ^)0 o ] = -y, cos[(l + iV3)0 o ] = -i, (51) 

whence 

(1 + iV3)6 = y + 2mr, (52) 

where n is a positive or negative integer or zero. We now substitute a and [3 
from (46) and 0oo from (50) into (42) to get the value of I at r = oo: 

^ = -^|sm(l + i^)C, (53) 

so, using (49) and (52) we have 

^ = -^y- 7 =sin[(y +2ri7r)-^-]. (54) 

For any n this sine is positive, so is negative and CTC exist in the exterior 
of the cylinder. They do not exist in the interior for this radius. 
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4.3.2 The sub-case sinh po 
Although a 2 given by (37) is negative in this case, the solution (42)-(44) does 
not apply because with this special value of sinh 2 po it follows from (16) that 
9' = on E so from (10) 7 = and is constant throughout the exterior. 
This leads to a case not included in [3], namely, that in which / and / are 
proportional. The constant of proportionality is found from (20) to be b~ 2 so 
we have 

/ = b- 2 l. (55) 
Let us introduce a function $ as in (15), (17) of [3] by 

& = v'(b~ 2 + V 2 )- 1 , v = k/l; (56) 

then we find 

/ = b^Dcosft -1 ^ k = L>sin6" 1 $, I = kDcos^T 1 *, (57) 

where 

& = vG~ 1 , (58) 

v being a constant .[] 



1 (58) follows from (18) of [3], but because of the different r coordinate implied by (1) of 
[3] and (4) of this paper we must write G instead of D. 
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The constant v can be determined from (58) by writing as 

_ » k I Ik , . 

= — ^- (59) 

and substituting on the right hand side from (18), (4) and (22); thus we find 

v = -y/2b. (60) 

The next step is to integrate (58), inserting the value of G obtained 
from (25) after putting sinh pa = \/l/2, namely 

G= Vf cosh( V2^ + c) 

where sinh ( = 2\/2. Inserting this and (56) into (54) and integrating we get 

0> = -46tan- 1 [tanhi(y|^+C)]+ J B, (61) 

where E is a constant of integration. 

Eqns (57) and (58) are what (7)-(10) become in this special case; of the 
remaining equations in the complete solution, (5) is unchanged, (6) becomes 

e 3^/2 = eGe *s/» t ( 62 ) 

and in place of (11) we have 

2(C| - Cl) - U 2 b 2 = -v 2 . (63) 

One can check that this solution matches the Godel metric on r = ro provided 
S = — 2, and E is given an appropriate value as described below. 

We turn to the question whether there are CTC in the exterior in this 
case. Equating /, k, I in (57) to their values on S as given by (2) with p = p , 
and using sinh 2 p = 1/2, we find 

$o = b(-m + 2nir), (64) 

where n is an integer and w denotes the principal value of cos" 1 (3) -1 / 2 , which 
is 0.955 radians, to three decimal places. From (61) 

$ = -46tan" 1 (tanh^) + E; (65) 

using sinh ( = 2\/2 and (64) we get 

E = $ + 46 tan" 1 (2)- 1 / 2 = b[-w + 40 + (4m + 2n)ir], (66) 
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m denoting an integer and 6 the principal value of tan 1 (2) 1 / 2 , which is 0.615. 
On the other hand, putting r = oo in (61) we obtain 

^ = -46 tan" 1 (1) + E = E- b{As + 1)tt, (67) 

where s is an integer. Eliminating E we finally obtain 

& -1 $oo = (46>-7r-tu) + 27r(n + 2m-2s). (68) 

I will change sign in r > tq if cos6~ 1< I> does so. On E, = & _1 $o is 

in the fourth quadrant, as is clear from (64). However, from (68) 6 _1 $oo is in 
the third quadrant, so cosfe" 1 ^ changes sign between r = ro and r = and 
so therefore does I. Hence CTC must exist in the exterior spacetime, though, 
as in 4.3.1, they do not exist in the interior. 

4.3.3 The sub-case sinh 2 po = I 

This is the second exceptional case in (12); it has I = on E, so the (^-coordinate 
circles are null there. The exterior solution (5)-(ll) still applies, and so do the 
boundary conditions (13)-(21) except for (19) and (20). From (4), (13) and (15) 
we have Dq = 2y/2b and the continuity of g^ and g^t on £ require 

sinh(ae /2/3) = 0, cosh(ae /2/3) = -1, (69) 

whence 

^ = (2n+l)i7r, (70) 

where n is an integer. From the requirement that gu — 1 on E we find, using 
(9) and (70) 

P= -(4V26)- 1 . (71) 

The other constants of the solution arc now easily determined from (14)- (18) 
and (27): 

a 2 = -7/(326 2 ), (6')o - {V2b)-\ 5 = -3, (72) 

and all boundary conditions are satisfied on S. 

That CTC exist in the exterior can be seen as follows. As D > D 
will be positive in the neighbourhood of S, from continuity. Moreover, from 
(69), (71) and (72) a^ 1 sinh(aOo/2/3) is positive in the exterior neighbourhood 
of E; hence using (42) we see that I decreases from its zero value on E and CTC 
must exist in the exterior. 

4.3.4 The sub-case sinhpo > 1 

In this case I is negative within the cylinder, on its boundary, and, by continuity, 
in the exterior at least near the boundary. Therefore CTC exist inside and 
outside the cylinder. 
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5 Conclusion 



We have been studying a spacetime satisfying Einstein's equations with negative 
cosmological constant, describing an infinite cylinder cut from the Godel uni- 
verse, surrounded by empty space. The spacetime depends on two parameters, 
Ro(= r o), the coordinate radius of the cylinder, and the cosmological constant. 
Our solution of the matching problem on the boundary of the cylinder shows 
that the exterior metric is of three different types, depending on the radius of 
the cylinder. For smaller radii there are no closed timclike curves (CTC) inside 
the cylinder or in the empty exterior. We have not given a complete treatment 
of CTC for cylinders with larger radii, but we have shown that for some radii 
they exist outside the cylinder even though there is none inside. For sufficiently 
large radii (sinhp > 1) CTC exist in the interior and the exterior. 

There are similarities between our results and the corresponding ones 
for the van Stockum spacetimes, which refer to infinite dust cylinders in vacuum 
with A = 0. These spacetimes also depend on two parameters, and three exterior 
cases exist, depending on a, the mass per unit length of the cylinder; moreover, 
the spacetimes contain CTC in the case of large a [2] . 
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